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A B S T R A C T
Suitable and fast calculation methods with suﬃcient accuracy are required to optimise large composite struc-
tures. The present paper introduces a progressive stiﬀness degradation analysis (PSDA), which computes skin
buckling onset and strength failure initiation of skin ﬁelds separated by stiﬀeners, as well as the subsequent
damage propagation using closed form solutions. This constitutes a simpliﬁed, but much faster approach com-
pared to state of the art progressive failure analyses, which incorporate ﬁnite element simulations. Therefore, the
computational eﬀort can be reduced. This paper illustrates the process of the PSDA and then veriﬁes this sim-
pliﬁed approach by means of one example.
1. Introduction
Complex multi-disciplinary optimisation chains, e.g. aircraft, gas
turbine or helicopter design processes, have to be eﬃcient in terms of
computational costs (see Kroll et al. [27]). For the structural evaluation,
diﬀerent designs and various parameters have to be considered in order
to exploit the potential of the structure. To this end, it is not necessary
to model all physical details. Within the design process, suitable cal-
culation methods are needed to analyse the structural behaviour. Thus,
the evaluation of mechanical stresses via failure onset (strength failure
and buckling failure) is performed. Typically, this process leads to a
conservative and robust structural design, since no damages within the
structures are allowed and redundant load paths are ignored. The ac-
curate and eﬃcient calculation of damage propagation up to ultimate
laminate or structural failure has a potential for weight reduction. The
analysis of the damage propagation needs to be modelled so as to obtain
the stiﬀness reduction after ply failure and skin buckling onset. This in
turn allows accounting for possible load redistribution. Consequently,
the load carrying reserve can be exhausted and therefore the weight of
the composite structure can be minimised. The application of this
method can lead to adapted or reduced safety factors.
Prediction of failure onset and propagation can be done utilizing the
ﬁnite element method (FEM) (e.g. see Oh et al. [32], Daghia and La-
devèze [19], Adden and Horst [1], Anyfantis and Tsouvalis [3]).
Compared to the closed form solutions, the FEM more accurately
computes the material behaviour after failure onset, e.g. geometric
nonlinearity eﬀects can be taken into account. Additionally, complex
geometries can be considered and accurate solutions for a wide variety
of problems can be achieved. The disadvantage of FEM approaches is
the fact that it leads to high computational costs when large structures
are optimised in a good quality solution.
The B0S0R5 computer program (see Bushnell [8,9]), based on the
ﬁnite diﬀerent energy method, is used to analyse segmented and
branched shells with discrete ring stiﬀeners and multi-material con-
structions. B0S0R5 incorporates large deﬂection axisymmetric and
small deﬂection non-symmetric analyses as well as the buckling ana-
lysis with axisymmetric and non-symmetric prestress. However, only
laminates with up to 6 layers can be modelled. The minimum weight of
a given structure can be computed using the program PANDA, which is
used to optimise composite, stiﬀened, elastic-plastic panels (see Bush-
nell [10]). Thereby, the gradient based optimisation process includes
stress and strain constraints as well as local buckling constraints.
PANDA was superseded by PANDA2 (see Bushnell and Bushnell [11]),
which also accounts for local post buckling behaviour and laminated
composite panels. Additionally, it is possible to use closed form solu-
tions when computing the buckling loads. The optimum design of
composite structures can also be achieved using the tool VICONOPT
(see Butler and Williams [12] as well as Watson et al. [45]), which is
based on the exact strip theory assuming a continuous distribution of
stiﬀness over the structure (inﬁnitely long panels). The structure is
optimised considering buckling and material strength constraints. Ad-
ditionally, the post buckling stability of the stiﬀened plate can be
computed. When coupled with MSC NASTRAN, VICONOPT provides a
fast tool for multilevel optimisation of aerospace structures, such as
composite aircraft wings (see Fischer et al. [20]). Both preliminary
design tools VICONOPT and PANDA2 require less computational costs
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than B0S0R5, since the latter performs nonlinear static and stability
analyses.
All three programs (B0S0R5, VICONOPT, PANDA2), which are
mentioned above, do not account for material degradation after ﬁbre or
matrix failure, which can further reduce the weight of the structure.
The material degradation after strength failure is considered within the
proposed progressive stiﬀness degradation analysis (PSDA), which
predicts skin buckling onset and the initiation of strength failure of skin
ﬁelds separated by stiﬀeners (i.e. panels of an aircraft fuselage).
Additionally, the material behaviour of composites after failure onset
due to skin buckling and strength failure is taken into account. Failure
initiation and damage propagation are also calculated with closed form
solutions. To calculate the structural response, including the stresses
within each ﬁnite shell element, the PSDA incorporates the solver
within the software LAGRANGE, which is an in house tool of Airbus
Defense & Space.1 The software enables the analysis and optimisation of
large structures, such as fuselage barrels [30]. It was applied success-
fully within several civil and military projects (see Schuhmacher et al.
[41], Daoud and Calomﬁrescu [17] and Calomﬁrescu et al. [14]). The
incorporated linear ﬁnite element solver is similar to the commercial
software MSC NASTRAN. The sizing process is performed considering
the major strength and buckling constraints. Within the gradient based
optimisation process of LAGRANGE, the objective function, which is
generally the structural weight, is minimised respecting the given
constraints. The latter are for example reserve factors derived from
strength and analytical buckling analyses or manufacturing constraints.
Thereby, the derivatives for the gradient based optimisation can be
computed numerically or analytically. The analytical approach, how-
ever, is mostly used for large structures. The initial design can be
generated using the commercial software PATRAN or HYPERMESH.
In addition to the stresses within each ﬁnite shell element,
LAGRANGE also computes the stresses where skin buckling onset oc-
curs. Further details are given in the LAGRANGE handbook [30] and in
Führer [21].
In the following section, an overview of the state of the art stress
based failure criteria and degradation methods are given. Additionally,
an overview of the buckling behaviour of composite structures is pro-
vided. The process of the PSDA, including the degradation of stiﬀener
separated skin ﬁelds due to skin buckling onset and strength failure
initiation, is discussed in the following Section 2. The degradation ap-
proach after skin buckling onset within the PSDA introduces a simpli-
ﬁed approach compared to more sophisticated non-linear FEM ana-
lyses. To verify this method, an example incorporating two diﬀerent
loading conditions is calculated using the commercial software
ABAQUS and the PSDA. The results from both analyses are discussed in
Section 4. In the last section the paper is concluded.
2. Failure modes of composite structures
2.1. Stress based failure criteria
Compared to metal structures, composite materials have not uni-
form properties. To calculate failure onset and propagation, certain
strength parameters are needed, which are used as a threshold to de-
termine the load carrying capability. If the occurring load reaches the
limit of the load carrying capability, material strength failure occurs.
Within one laminae ﬁbre or matrix failure (cracks, delaminations) can
occur. The corresponding reserve factor can be calculated using nu-
merous stress based failure initiation criteria, which are available in
established literature. Nahas [31] summarises several limit failure
theories without interaction (e.g. maximum stress criterion) and inter-
action criteria (e.g. Hill criterion). Examples for fracture plane-based
criteria are the Puck criterion, reviewed in Puck [35] and Puck and the
Schürmann [36] and the Cuntze criterion [16]. The Puck criterion
considers the fracture plane angle, which can be calculated analytically
for the two dimensional case (see [25]). The Cuntze criterion contains
ﬁve failure modes and an interaction between all modes, which is ex-
pressed through invariants.
The Puck and the Cuntze methods have been implemented within
the PSDA, because they are more sophisticated than other sudden re-
duction methods; such as the method by Sun and Tao. Compared to
more complex methods by Reddy and Reddy [38], the implementation
eﬀort and the computational cost are much lower. It must be noted that
the strength evaluation due to compressive loading is not taken into
account because the paper only considers thin structures where the
eﬀect is negligible.
Other failure initiation criteria are energy based criteria (see
Barakat and Abu-Farsakh [4] and Wolfe and Butalia [48]), tensor
polynomial failure criteria (see Craddock and Champagne [15]) and
fracture based failure criteria, such as the virtual crack closure tech-
nique (see Krueger [28]). However, due to their high implementation
eﬀort the three criteria mentioned above are not considered within the
PSDA. Several stress based failure criteria are also summarised in [21].
2.2. Stability phenomena
In addition to strength failure, the load carrying capability of thin-
walled structures can decrease due to stability phenomena when sub-
jected to compression or shear loading. In the aircraft design process,
two types of structures are typically evaluated with respect to stability:
skin ﬁelds on a wing that are located between two ribs and two spars,
and skin ﬁelds in the fuselage that are between two stringers and two
frames. To determine whether the stiﬀness within one skin ﬁeld has to
be degraded due to skin buckling onset, the load displacement curve
can be inspected. Up to a certain point, the structure's behaviour, in-
cluding its load displacement curve, is assumed to be linear. Beyond
this point, a load increase leads to buckling deformations. This point,
where the solution branches oﬀ from the primary solution is called
bifurcation point. The load at the lowest bifurcation point is termed
buckling load, which can be calculated by FEM, using an eigenvalue
analysis or the more costly transient analysis. Therefore, the FEM based
eigenvalue analysis requires a suﬃciently ﬁne mesh to consider local
eﬀects, which in turn leads to high computational costs. To overcome
this issue, simpliﬁed analytical models are used. One of the ﬁrst ana-
lytical approaches was developed by Bryan [6], who calculated the
buckling load of a simply supported plate. Karman and Tsien [44]
performed several buckling analyses by means of the non-linear large
deﬂection theory. Koiter [26] addressed the area surrounding the bi-
furcation point and developed a series expansion near the lowest cri-
tical eigenvalue of the respective structure.
In the present paper, the stresses that lead to skin buckling in one
skin ﬁeld are calculated by the software LAGRANGE. Here closed form
solutions are already implemented, which are based on the Weaver (see
[46,47]) and ESDU [18] methods. The necessary loads and material
data are deﬁned by the user within the PSDA. The resulting buckling
stresses are passed to the PSDA in addition to the corresponding stresses
within each ﬁnite shell element. If the reserve factor due to buckling
(computed by dividing the actual stress by the buckling stress) reaches
the threshold, skin buckling ensues within the corresponding skin ﬁeld.
2.3. Postbuckling
In order to further exploit the load carrying reserve after skin
buckling onset, the post buckling behaviour within the sizing and op-
timisation process of the structure has to be considered. Within the
present PSDA, certain parts of the ABD matrix of the failed skin ﬁeld are
reduced by a factor, which is determined from several nonlinear ana-
lyses. The procedure will be explained in detail in Section 3.1.
Boni et al. [5] implemented standard ﬁnite element codes to1 Former CASSIDIAN Air Systems.
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compute the post buckling behaviour of composite ﬂat panels. Other
methods use semi-empirical approaches to calculate the post buckling
behaviour. Pevzner [33] incorporated the eﬀective width method and
Kuhn [29] the diagonal tension approach to overcome the disadvantage
of high computational costs. Byklum et al. [13] proposed a semi-ana-
lytical model computing global buckling and post buckling of stiﬀened
isotropic plates using large deﬂection plate theory and a global-local
approach. Another approach was developed by Buermann [7], who uses
the analytical continuum mechanics and numerical methods. Never-
theless, compared to the eﬀective width method and the diagonal
tension approach, the progressive stiﬀness degradation analysis con-
siders various combinations of loading conditions. Due to the closed
form solutions, the PSDA is even more computational eﬃcient than the
semi empirical approaches mentioned above.
In order to recalculate the structural model after the element stiﬀ-
ness matrix is reduced, the material properties are adapted in the
LAGRANGE input ﬁle. Since the PSDA considers only a part of the
complete load displacement behaviour in the post buckling regime, it is
a simpliﬁed approach compared to more sophisticated nonlinear
buckling analyses. However, regarding the computational costs, the
PSDA is much faster compared to FEM analyses.
After skin buckling onset is checked within each skin ﬁeld, the PSDA
computes the reserve factors due to strength failure onset. As already
mentioned, several stress based failure criteria are available. For each
implemented stress based failure criterion several reserve factors have
to computed, which in turn require the actual stresses in the observed
ﬁnite element. The latter are deﬁned by the user and depend on the
respective material. The resulting stresses are passed to the PSDA,
which calculates the respective reserve factors.
2.4. Degradation of the model
Because composite laminates may not fail completely after initial
matrix or ﬁbre failure, the material properties have to be changed after
strength failure onset to consider the preliminary damage within the
structure. The material property reduction can be done gradually or
instantaneously. Garnich and Akula [22] and Rohwer [40] summarise
several degradation methods. A degradation method, which implies a
sudden reduction of material properties after matrix failure onset is
proposed by Sun and Tao [43]. For ﬁbre fracture, the longitudinal
modulus is set to nearly zero. More sophisticated methods were pro-
posed by Reddy and Reddy [39] and Phillips et al. [34]. Reddy and
Reddy apply a constant stiﬀness reduction coeﬃcient, which is estab-
lished experimentally for a given laminate. The method developed by
Phillips uses two and three dimensional ﬁnite elements and an addi-
tional interface is modelled between two layers.
Within the PSDA, the Puck (see [35]) method and two instantaneous
degradation methods (see [21]) are implemented. All three methods,
which were chosen due to their low implementation and computational
eﬀort, will be explained further on.
Depending on the degradation method, several elastic moduli are
reduced. The resulting material properties are passed to the model
input ﬁle and the model is recalculated. If no further strength failure or
skin buckling onset is detected, the load is increased. This is done until
the structure fails completely. Before the recalculation of the structural
model, the increments of the mechanical stresses Δσ and displacements
Δu within the current load step are subtracted from their total values σ
and u, respectively. This is done, because the stresses and strains after
failure initiation have to be computed using the reduced material
properties.
The results of the PSDA are, amongst others, the load displacement
curve. Even though the chosen failure initiation and degradation cri-
teria represent only a small selection from the existing methods, they do
reﬂect the several levels of complexities.
3. Implementation of the PSDA
The proposed PSDA is implemented using the object oriented pro-
gramming language Python. It consists of three main parts (cf. Fig. 1).
Firstly, the pre process reads the input ﬁle, which contains various
parameters describing the structure (i.e. ﬁnite element dimensions,
material properties, stacking sequence and ply thickness). Since several
structural parameters can be adapted, it is possible to calculate various
use cases and conﬁgurations. Additionally, a failure initiation and a
degradation criterion are chosen.
Secondly, the main program calculates the structural response of the
given structure. Thirdly, the post process contains the routines to plot
the load displacement curves of the local structure. Here the sum of the
external loads and the displacements from a predeﬁned node in each
step are used. The following sections describe the failure initiation and
degradation routines within the main program.
3.1. Integration of the buckling behaviour
To consider the local post buckling behaviour in a linear analysis,
the element stiﬀness properties of one skin ﬁeld have to be reduced, if
skin buckling onset is detected. Each skin ﬁeld is meshed with one
linear ﬁnite shell element. For the sample analysis, the software
LAGRANGE has been employed. This software is used to optimise large
structure in a preliminary design phase, which leads to a coarser mesh
compared to the mesh of the converged solution. Fig. 2 depicts a skin
ﬁeld deﬁned as being located between two stringers and two frames on
the fuselage. The stiﬀeners on the edges of the skin ﬁeld are modelled
with ﬁnite beam elements.
The loads at which skin buckling ensues (critical skin buckling load
PBuck) are computed by LAGRANGE using the Paul Weaver and ESDU
methods. Within the ESDU method the buckling modes are expressed
by Taylor series [18]. The Weaver method uses closed form solutions to
calculate buckling of long anisotropic ﬂat plates. The uniaxial com-
pression load case is computed using the following Eqs. (1)–(5) (see
Weaver [47]), where KX represents the inﬂuence of the ﬂexural/twist
anisotropy on buckling plates and β Eq. (3) the plate bending ortho-
tropy. The plate bending anisotropy is described by γ and δ Eqs. (4) and
(5).
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Fig. 1. Process of progressive stiﬀness degradation analysis (see [21]).
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Fig. 2. Deﬁnition of skin ﬁeld (see [21]).
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The shear load case is computed using the following Eqs. (6) and (7)
(see Weaver [46]).
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Those solutions were veriﬁed by means of detailed ﬁnite element
analyses and numerical solutions (see [46,47]). Compared to the ESDU
method, the Weaver method computes each load where buckling ensues
separately. Therefore, the ESDU method is used for combined loading.
Both methods assume ﬂat, simply supported skin ﬁelds, which leads to
limitations within the PSDA. Skin ﬁelds with all edges simply supported
underestimate the buckling loads, because an indeﬁnitely high stiﬀness
is employed. The actual edge boundary conditions of realistic skin ﬁelds
are between simply supported and clamped. However, since studies
showed that clamped edges lead to higher buckling loads compared to
simply supported edges, the latter represents a more conservative ap-
proach.
After the stresses and buckling loads are calculated for each skin
ﬁeld, the results are passed to the PSDA. If the stress within the skin
ﬁeld exceeds the value of σbuckcrit (critical skin buckling stress), the
corresponding stiﬀness properties are reduced by a degradation factor
fdegbuck, which is derived by a nonlinear analysis using the commercial
software ABAQUS. For each skin ﬁeld with diﬀerent element properties
and loading conditions, one ABAQUS analysis is performed auto-
matically and prior to the PSDA. However, after the ABAQUS analysis is
run for one speciﬁc skin ﬁeld, the results including the degradation
factor fdegbuck can be used for each skin ﬁeld with the same character-
istics.
The element properties, which are varied, include the element di-
mensions, the material data, the ply thickness and the stacking se-
quence. Regarding the loading conditions, seven diﬀerent load cases are
considered, including uniaxial and biaxial compression load as well as
shear load. Also a combination of shear and uniaxial compression load,
shear and biaxial compression load, shear and uniaxial tension load and
shear and biaxial tension load are taken into account.
All investigated skin ﬁelds are computed separately and are meshed
much ﬁner as it is with the PSDA. Within each nonlinear ﬁnite element
analysis the element properties and the loading condition of the skin
ﬁeld are varied. Since all skin ﬁelds within LAGRANGE are non-stif-
fened, the same is assumed for the skin ﬁelds within the ABAQUS
analyses. To match the closed form solution (Weaver and ESDU), with
which skin buckling onset is calculated within LAGRANGE, the skin
ﬁelds are simply supported and ﬂat.
The result of each ABAQUS analysis is one load displacement curve,
which represents the corresponding LAGRANGE skin ﬁeld properties
and loading condition of the global model. It is used to calculate the
degradation factor fdegbuck.
In Fig. 3, the relationship between the load displacement curve and
fdegbuck is illustrated. Before skin buckling ensues (PBuck), the stiﬀness
properties remain unchanged (fdegbuck = 1). After the critical load
(Pfail), where the skin ﬁeld fails completely, is reached, the material
properties are set to nearly 0 (fdegbuck≈ 0). Between PBuck and Pfail the
degradation factor fdegbuck, representing the residual stiﬀness of the skin
ﬁeld after skin buckling onset, depends on the characteristics of the
corresponding skin ﬁeld.
The value of fdegbuck is calculated dividing the value of the slope in
the post buckling regime (KPost) by the slope in the pre buckling regime
(KPre) (Eq. (8) see [21]).
=f K
Kdegbuck
Post
Pre (8)
The corresponding slopes KPost and KPre are calculated using the Eq.
(9) (see [21]), where the parameter P represents the load and u the
displacement at the corresponding increment inc. For example, if the
skin ﬁeld is loaded with uniaxial compression in x-direction, the load PX
and the displacement uX are used to compute the slopes KPost and KPre
for the corresponding direction. For biaxial compression in x-direction
and y-direction KPreX and KPreY are calculated separately, using uX and
PX as well as uY and PY, respectively.
= =
−
−
+ −
+ −
Δ
Δ
K P
u
P P
u uinc
inc
inc
(inc 1) (inc 1)
(inc 1) (inc 1) (9)
To determine the displacements uPre, uBuck and uPost, the increments
at the corresponding points within the load displacement curve are
needed (see also Fig. 4). The increment incBuck, where skin buckling
ensues, is obtained from the nonlinear load displacement curve. Here,
the increment is taken, where the slope drops by 5%. The increment
incPre (corresponding to PPre and uPre) is calculated by dividing incBuck
by a factor of 2. However, the increment in cBuck can be divided by any
factor, since the slope in the pre buckling region remains constant. The
increment incPost is computed by multiplying incBuck by a user deﬁned
factor fPost (Eq. (10)).
Displacement
Load
PBuck
Displacement
fdegbuck
fdegbuck=1
Pfail
Fig. 3. Derivation of degradation factor fdegbuck from load displacement curve (see [21]).
Fig. 4. Computation of diﬀerent increments (see [21]).
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= ⋅inc inc fPost Buck Post (10)
The factor fPost has to be chosen between 1.1 and 1.6. This deﬁnition
ensures a conservative design, because only a part of the post buckling
regime in the vicinity of the buckling load PBuck is considered. For a
combination of loading conditions, two degradation factors fdegbuck1
and fdegbuck2 have to be calculated (see [21]). To compute the increment
incfail, where the skin ﬁeld fails completely, incBuck is multiplied by
another user deﬁned factor ffail, which has to be greater than fPost.
All relevant data computed by ABAQUS are stored in one text ﬁle,
which is passed to the PSDA. The data within the text ﬁle includes the
buckling factors fdegbuck, the material data, the loading condition, the
stacking sequence and dimensions of each individual skin ﬁeld.
3.2. Degradation process due to buckling
The following Fig. 5 illustrates the degradation process due to skin
buckling onset within the PSDA. If the element load PElem in one skin
ﬁeld exceeds Pbuck, then skin buckling onset is detected and the element
properties are adapted. For combined loading conditions, such as shear
and compression, the loads PElemX and PElemXY are compared to the
buckling loads (PbuckX and PbuckXY) in the corresponding directions. The
loading condition within each skin ﬁeld is derived from the ratio of the
element ﬂuxes NX, NY and NXY (please refer to [21]). If the load within
one skin ﬁeld PElem exceeds the critical load PFail, then the skin ﬁeld is
considered to have failed completely.
In order to adapt the element properties of one skin ﬁeld, the ABD
matrix (based on the classical laminate theory) is reduced. The values
within the B part of the ABD matrix are zero, since the present paper
only considers symmetric layups. The observed loading conditions do
not include moments (Mx = My = Mxy = 0) and only certain entries of
the A matrix are multiplied by the computed degradation factor fdegbuck,
or by two factors fdegbuck1 and fdegbuck2. The next section explains the
degradation process in more detail using uniaxial compression as an
exemplary loading condition. If skin buckling onset is detected, then the
ABD matrix is reduced. Here the load in y-direction and the resulting
strain in y-direction are zero. This also applies to the shear load and the
resultant strain. Consequently, the entry A11 is changed (A11 is multi-
plied by fdegbuck, see Eq. (11).
⎡
⎣
⎢
⎤
⎦
⎥ =
⎡
⎣
⎢
⎢
⋅ ⎤
⎦
⎥
⎥
⋅⎡
⎣
⎢
⎤
⎦
⎥
N
0
0
A f 0 0
0 0 0
0 0 0
ε
0
0
X 11 degbuck X
(11)
For biaxial compression, the entries A11 and A22 are adapted, since
the shear load and resultant shear strain are zero. The entry A33 is
changed when shear loading is most critical, because the loads and
resultant strains in x- and y-direction (the deﬁnition of the x- and y-
directions can be taken from Fig. 2) are zero. For combined shear and
compression as well as the combination of shear and tension, the entries
A11 and A33 are adapted. Here the strain and load in the y-direction
remains zero. The A matrix for each skin ﬁeld can be changed by
adapting the LAGRANGE input ﬁle. The latter contains the material
properties (i.e. elastic moduli) for each skin ﬁeld. Therefore, the de-
gradation factors are applied to the elastic modulus E1. Depending on
which part of the A matrix has to be adapted, the factor for the elastic
modulus is calculated utilizing fdegbuck, or fdegbuck1 and fdegbuck2. Re-
garding uniaxial compression for example, the elastic modules in ﬁbre
direction E1 of all layers are adapted using the following Eq. (12) (for a
stacking sequence including 0°, 90° and + / − 45° layers). Here nlay
presents the number of layers in the respective direction, Q the ply
stiﬀness matrix and t the thickness. The following Eqs. 12–14 are taken
from Altenbach [2].
= ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅A n Q t n Q t 2n Q t11 lay0 11 lay90 11[90] lay[45] 11[45] (12)
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lay0 (13)
=
−
Q E
1 ν
11
1
12
2 E
E
2
1 (14)
Combining Eqs. (13) and (14), the elasticity modulus in the 0° di-
rection can be computed by Eq. (15).
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The derivations for all elastic modulis are described in [21]. It is
also possible to extend the PSDA to unsymmetrical stacking sequences.
3.3. Progressive stiﬀness degradation analysis considering strength and
stability
The overall process of the PSDA is depicted in Fig. 6. After each
structural analysis (using the ﬁnite element solver within LAGRANGE),
all resulting loads of all skin ﬁelds, as well as all buckling loads are
passed to the buckling routine within the PSDA. If the load within the
element PElem exceeds the buckling load (PBuck), skin buckling onset is
detected and the element properties of the corresponding skin ﬁeld are
degraded. Afterwards, the structural response is recalculated by LA-
GRANGE. Prior to the recalculation, the stresses Δσ and the displace-
ments Δu within the current iteration are subtracted from their total
values σ and u (“Subtraction of stresses” in Fig. 6). This is necessary
since the structure has to be recalculated using reduced material
properties due to the degraded skin ﬁelds.
If no further stiﬀness degradation due to skin buckling failure occurs
in the next iteration step, the strength routine is performed. Fig. 7 il-
lustrates the initiation of strength failure and the corresponding de-
gradation process. In the ﬁrst step, all resulting stresses and strains for
each ﬁnite shell element are computed by LAGRANGE and passed to the
PSDA strength routine. Hereby, stress based failure initiation criteria
Fig. 5. Degradation due to skin buckling onset within the PSDA.
Fig. 6. PSDA process.
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are used to calculate the reserve factors for ﬁbre (RFFibre) and matrix
failure (RFMatrix) onset of an unidirectional lamina. Delaminations are
not considered. If the reserve factors are smaller than 1 minus a para-
meter “tolerance”, which is deﬁned within the input ﬁle, failure onset is
detected. If the tolerance is greater than 0, failure is detected at higher
stresses.
Within the strength routine three stress based failure criteria are
implemented. The ﬁrst method computes matrix and ﬁbre failure using
the maximum stress criterion (see Nahas [31]). If the stress in ﬁbre
direction or matrix direction exceeds the corresponding allowable
stress, the ply fails. Within the second method, the Yamada-Sun ap-
proach is used to calculate the reserve factor for ﬁbre failure and the
modiﬁed two dimensional Puck method computes the reserve factor for
matrix cracking. The latter is a simpliﬁcation of the two dimensional
Puck theory, where only one failure mode is considered (see Ca-
lomﬁrescu et al. [14]). For the usage in the PSDA, additional para-
meters for the Puck criterion are taken from Puck et al. [37]. Within the
third method, the two dimensional Cuntze criterion is used. The user
has to choose which criterion is appropriate for the problem. To the
authors knowledge a universally valid criterion does not exist (see
Hinton et al. [23] and Soden et al. [42]).
If strength failure onset is detected in the second step, the strength
degradation routine is performed where the ply properties can be re-
duced gradually or instantaneously. The ﬁrst method implies in-
stantaneous degradation. After the detection of ﬁbre failure, the elastic
modulus in ﬁbre direction E1, the in-plane shear modulus G12 and the
Poisson ratio ν12 are reduced instantaneously by a user deﬁned factor
fdeg. When matrix failure occurs, the elastic modulus perpendicular to
the ﬁbre direction E2, the shear modulus G12 and the Poisson ratio ν12
are reduced by the factor fdeg. The elastic modulus in ﬁbre direction E1
remains constant. Both degradation factors are set within the input ﬁle.
The second instantaneous degradation approach is similar to the ﬁrst,
but the respective ply fails completely, if ﬁbre failure is determined.
This means that E1, E2, G12 and ν12 are set to nearly 0. Within the third
gradual degradation approach the Puck degradation method (see [35])
is used. The Puck method computes a degradation factor using para-
meters adjusted by test results (see [24]). It is used to reduce the ply
properties gradually. For more information regarding the degradation
approaches, please refer to [21].
If no further damage is detected within the strength or buckling
routines after the recalculation of the structure, the number of steps is
increased and the next load step is performed. The PSDA terminates, if
one exit condition, which is checked at the “breakpoint” (see Fig. 6) is
active. This includes the maximum number of iterations, and the fact
that all skin ﬁelds have degraded due to skin buckling or if strength
failure occurs.
4. Application of the PSDA
4.1. Model
In this section, an example with 16 skin ﬁelds illustrates the buck-
ling analysis within the PSDA. The resulting load displacement curves
and slopes are compared to the ones computed by the nonlinear
ABAQUS analyses to verify the element stiﬀness reduction due to skin
buckling. Since the prediction and degradation due to strength failure is
veriﬁed within numerous state of the art publications. Therefore, the
next section focuses on skin buckling onset.
All 16 skin ﬁelds, which are meshed with ﬁnite shell elements, are
ﬂat, non-stiﬀened and simply supported. The latter means that the
displacements and their rotations are prevented at all edges of each skin
ﬁeld. The input data for all skin ﬁelds is summarised in Table 1. The
material data, element dimensions, ply thickness and stacking se-
quences are commonly used in industrial applications. As already
mentioned the factors fPost and fFail have to be chosen between 1.1 and
1.6, whereas fFail has to be greater than fPost. The factor fFail has the
value 1.6 to cover a large post buckling area. To investigate the inﬂu-
ence of fPost on the resulting load displacement curves, several PSDA
and ABAQUS analyses were performed using 1 skin ﬁeld. Regarding
uniaxial compression fPost has only a small inﬂuence on the load dis-
placement curve. This is diﬀerent for shear loading. For fPost > 1.1 the
residual element stiﬀness of the degraded skin ﬁeld is too small in the
post buckling regime, which leads to a large deviation of the PSDA and
ABAQUS slope. Therefore, the value for fPost is 1.1.
The ABAQUS model, the PSDA model and the loading condition are
illustrated in Fig. 8. As already mentioned, LAGRANGE within the
PSDA calculates skin buckling onset using the Weaver and ESDU
method. Both methods assume simply supported skin ﬁelds and each
skin ﬁeld is computed separately.
The skin ﬁelds within the ABAQUS model have to depict the same
behaviour in order to compare both load displacement curves and
slopes. Therefore, additional equations are needed in ABAQUS, which
are explained in [21]. Those equations ensure that the lines parallel to
the x-axis deform in a linear pattern within the ABAQUS model similar
to the skin ﬁelds in the PSDA, which are meshed with only one shell
element. To ensure the same loading condition for the PSDA and the
ABAQUS model, an additional ABAQUS model is generated with the
Fig. 7. Detection of strength failure and degradation process within the PSDA.
Table 1
Input parameters.
Input parameter Value
Stacking sequence [45 − 45 0 90 0 90 0 − 45 45]
Ply thickness 0.12 mm
Material parameter E1 = 157,000 N/mm2; E2 =
8500 N/mm2;
G12 = 4200 N/mm2; ν12 = 0.35
Dimension in x-direction 1920 mm
Dimension in y-direction 600 mm
User deﬁned factor fPost fPost = 1.1
User deﬁned factor ffail calculating the
critical load Pfail
ffail = 1.6
Fig. 8. 16 skin ﬁeld example for PSDA (right) and ABAQUS (left) (see [21]).
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same number of ﬁnite shell elements as the coarse PSDA model. The
resulting reaction forces from the coarse ABAQUS model are then ap-
plied to the PSDA model. This approach is possible, since the four node
shell elements within ABAQUS and LAGRANGE use a linear displace-
ment function.
4.2. Results
Skin buckling onset ensues in the upper four elements of the 16 skin
elements (Fig. 9).
The resulting load displacement curves from the ABAQUS analysis
and the PSDA are illustrated in Fig. 10. The purple curve represents the
load displacement curve resulting from ABAQUS without buckling
failure. This curve allows determining skin buckling onset with more
ease. It is visible, that the PSDA detects skin buckling onset prior to
ABAQUS. Regarding the stresses within the elements (see also Fig. 9)
the values of the stresses within the ABAQUS analysis are almost the
same at the point where the PSDA detects skin buckling onset. The
reason for the deviation in loads and stresses is the conversion of the
ABAQUS loads into the PSDA model nodal forces. To compute the nodal
forces, the stresses within the ABAQUS model are computed at the in-
tegration points of the ﬁnite shell element and multiplied by the cor-
responding areas. Afterwards, the resulting forces are extrapolated to
the corresponding nodes. This causes diﬀerences between the stress
contour plot for the coarse PSDA (LAGRANGE) and ABAQUS model.
After the critical load Pfail, which has the value 6200 N, the slope re-
sulting from the PSDA drops signiﬁcantly, since the material properties
of the shell elements, where ﬁnal buckling failure is detected, are set to
nearly zero.
To quantify the deviation between both analyses, the slopes are
compared for three diﬀerent displacements. The ﬁrst point is located
right after skin buckling onset at 0.46 mm. Here both slopes diﬀer by
15% due to the instantaneous stiﬀness reduction within the PSDA.
Between skin buckling onset and complete failure of the ﬁrst ﬁnite shell
element (0.5 mm and 0.53 mm), the diﬀerence between both slopes has
a value of about 11%. Before the ﬁrst element fails completely
(0.56 mm), the diﬀerence between the PSDA and the ABAQUS slope is
7.8%. Since the slope resulting from the PSDA simpliﬁes the post
buckling regime, the nonlinear ABAQUS analysis is more accurate than
the PSDA. However, when using ABAQUS the computational costs
would be too high within the preliminary design process, especially
when optimising large aircraft structures. Not every physical detail is
modelled here to ensure a fast optimisation with a large number of
variations. Therefore, the PSDA should be used at the preliminary de-
sign stage. Despite the deviations, the behaviour in the post buckling
regime is modelled with suﬃcient accuracy and the buckling load is
underestimated compared to the ABAQUS analyses leading to a more
conservative design. Regarding the 16 skin ﬁeld example, the PSDA is 6
times faster than the nonlinear ABAQUS analysis. Whereas ABAQUS
requires 100 iterations and a total time of 1449 s, the PSDA computes
the results within only 233 s using 140 load steps.
The overall computational costs do not include the preliminary
nonlinear ABAQUS analysis, which are used to compute the degrada-
tion factor for each individual skin ﬁeld and therefore, enhance the
resulting slope of the PSDA. Without the ABAQUS analyses, the PSDA
could not depict the post buckling regime. However, this nonlinear
analysis has to be done only once for each individual skin ﬁeld and the
results can be used for each skin ﬁeld with the same characteristics. In
the present section all 16 skin ﬁelds had the same element properties.
Also the same loading condition is applied. Therefore, the preliminary
ABAQUS analysis is performed only once for the whole 16 skin ﬁeld
example.
5. Conclusion
This paper presented a progressive stiﬀness degradation analysis
(PSDA), which enables the prediction of the structural behaviour after
strength failure initiation and skin buckling onset using closed form
Fig. 9. Skin buckling onset of 16 skin ﬁeld example (see [21]).
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solutions. In the ﬁrst part of this paper, several strength failure initia-
tion criteria and degradation methods are reviewed. Also the prediction
of buckling failure within composites is brieﬂy discussed. The PSDA
process and the integration of the buckling behaviour are described.
Within the PSDA, the user can choose between diﬀerent state of the art
strength failure initiation and degradation methods. After the detection
of skin buckling onset, the membrane stiﬀness matrix of the corre-
sponding ﬁnite element is multiplied by a degradation factor, which is
computed from several ABAQUS analyses. Hereby, only a part of the
complete load displacement behaviour in the post buckling regime is
considered, which introduces a simpliﬁed approach when considering
the post buckling behaviour of composite structures. Therefore, for
veriﬁcation purposes, an example is computed using the PSDA and
nonlinear ABAQUS analysis. It consists of 16 ﬁnite shell elements. The
resulting load displacement curves and slopes from the PSDA are
compared to the ones from the ABAQUS analysis. When comparing the
PSDA with the ABAQUS analysis, deviations are visible in the resulting
slopes when the PSDA detects complete failure within one ﬁnite shell
element. Here the entries of the corresponding stiﬀness matrix are set to
nearly 0 and the PSDA slope drops signiﬁcantly. However, despite the
deviations it can be said that the PSDA reproduces the nonlinear post
buckling regime with suﬃcient accuracy. Additionally, the PSDA is
about 6 times faster than the corresponding ABAQUS analysis.
Certain limitations arise due to the fact that the ﬁnite element solver
within LAGRANGE is used to calculate the load where skin buckling
onset is detected. For example curved shell elements are not supported
and global buckling is neglected. Additionally, this paper only considers
the analysis of membrane loading conditions, which excludes delami-
nations between the plies. Nevertheless, when using fast methods,
especially when optimising large structures within the preliminary
design process of aircrafts, it is not necessary to model all physical
details.
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